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Several recens experiments have shown features that indicate the presencs 
of an Hz” ion. Schultz’? proposed a state of He” in the formation of EB and #7 
oy electron impact on hydrogen gas. Khvostenko and Dukel'shit™ proposed a 
similar mechenicom in electron impact messurements on Hs, l.e., Hp + e — > (H~) ~ = 
H+H. They aleo detected a negative ion of mass two by masse spectroweareP 
upon bombarding a mixture of water and antimony gas with electrons. In rc?. 
(2b) is explained why this was felt to be Ho” with a lifetime long enough 
te be observed, rather then the other possibility, D°™. In astrophysics? 74 
has been suggested that Hpo~ occurs in the solar corona and dissociates inte H 
and Hv. 


The latest of these have been some electron scattering experiments by 
Simeson and Kyyatt,*2> where a highly monochromatic electron beem was seattereé 
off hydrogen gas. A plot of current vs. energy was made, ard resonances corves - 
ponding to a set of vibrational levels were observed. From these levels the 
Spectroscopic constants W., Xe, and the approximate Eg were calevlated. The 


spectroscopic constants are very similar to those of Hg, “Th, or “Thi, however the 
threshold energy was lower than both, thereby suggesting the possibility cf a 
resouant state of Ha consisting roughly of an inner o electron and two ovter 
electrons, with symmetry “rg.% (Note that the outermost, planetary electron would 
not greatiy affect the field in which the nuclei move.) 

The predominant common feature of all these experiments is that they 
are of a scattering nature, and thus the observations could be of a real vound 
excited state, or of a resonance in the continuum. 

Previous papers concerning theoretical calevlations® on Ha” show that 
there is no bound state with an energy lower than that of the He X *Zg state 
of the hydrogen molecule with an electron at infinity. In the computations 
of (6) many configurations were tried, with complete variation of non-linear 
and linear paremeters, and in all cases the variation method itself produced 
the equivalent of a hydrogen molecule with an electron in the continua. 

Tous it was decided to look for a bound state of a different nature, i.e., 
following the suggestione cf experiment, a state with one inner o electron and 
two outer fy electrons, such that essentially the wave function would reseable 
the trepping of an electron ia a w orbital by a “WH, or “Wf, hydrogen molecule. 
This appears physically resonable since an incoming electron would "see" a a 
electron about-two nuclei, and a la electron perpendicular to it, or therefore. 


a 


* £* and £7 are essentially degenerate for this discussion. This can be seen 
from the swall overlap of the (§,n) parts of la and 32m 
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a net attractive charge which was greater tnen zero, sinze she excited or cho- 
gonal outer electron would net screen for the incoming one. Also, in bei 
the tyvo electron (lo lw) and the three electron (lo itv 37) systems, the «lectccns 
are highly uncorrelated. Tne Importance cf this wilh be discussed late: 

Note the difference tetween this and electron capture: by a hydros << 
atom to forn H'. In atoms an incoming electxyon can induce solarizavion owt ix 
the hydrogen molecule, most of “che electron density imast vruain between ‘he tt. 
nuclei to form the bond, ans therefore caniot be pelnacized nearly as me) as 
two separate atoms by the incoming electron. This gives another physic: piewine 
of the reason a state like tie Sg state of hydrogen cannot cepture an 9 rctror. 
but stetes like “I, and °T, migat be likely to. 

Use of a trial variation function of this type could lead to tyo . desi» 
results. First, but highly unlikely due to experimental evidence cod ~ “ries 


thecveticzl calculations, there could be s txue bound state which would «© a 


4) 


Solution to the Schroedinger equation, wlth a true varletien principle .) i ar 
energy less than that of the ground state of the hydrogen wolecule. Or wcor oy, 
the lo ly configuration could cause a narrow, but very deep potenstal wot For 
the incoming electron, such that there is a resonance, composed of a hiv. 
localized, relatively long-lived combination of continuvm ctates (wave po cizet:) 

The problem then is to construct such & highiy localized wave pache% 
from continuum functions having a lifetite long enough to te observable ‘tn 
other words, with a low probability of a radlationless trersition fron “ie 
rescnant state to the hydrogen molecule plus an electron o* proper ener in 
the continuum. 

Using the physical arguments above, a configuration which will borefully 
kave a deep potential well for the scattered electren and ©. smell overl |: wick 
the Ho Sg + e must be constructed. A preliminary calculation was mede “Lith pr 
trial function with configuration laoiwty . Even this rough calewlatior cent. ried 
the suspicion that there is no bound discrete state with an energy Less lihan beat 
of Ha “Tg +e. The second porsibility then becomes the oue which mugs Oo: in- 
vestigated. Certain difficulties arise, for there is no longer 6 varie”) on 
theorem and no rigorcus minimum principle. How does one seleat the par sveteve 
of a wave packet and caliculste the energy under these circimnstances? Ie arn} 
ments wili be given to show the velidtty of an approximte variation orfucip «. 
Taney are based on the fact that the systex is to a large degree uncorre] ited, 
with weak interactions betweea electrons, and that the deem potential causes © 


resonance packet, which is « function of tire, and this thie dependence “my, to 
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cission and vreoilts show them bouh to be physically cuitce valid. 


he variation princiol? requires whes all bourd sietes be ortha prank 


tia all lower enargy states of tae same syimcury. iin the present vase, Che 
packet spuxvoximating a bounid state must a: crthogoial ta cll “Sg state oom? 
Ug He “Eg plus an sleebron at AnPinity. Arvsheugh rigorovs citnogona Lit. Bf 


por sible cince Sobth staves are “ies efferr:ive orthogonality (zero over 9) 2 

3 eaiehis.< af the gacket $6 qpumtrucsed so the two inner electrons pre Lc ‘a9 
wajck, is ortiogenul to Ig *i_,- The varinGion is restricted such saat * © 
imrer chectyous wust margin log My. 1.2-, 2 Ty, and thesefore ote ai ee 
orthogonal to Hy» ‘2p. Orthogonality is aleo expected Eecthuse the cot “sem 
Lectron in the lover state overlaps negligibly with the lecsaliz 4 igg ™*,, F¥s 
—— ohia@ h@e been Feritied by rer, calculmticn cof ihe ovetiap 2 @ ES 
of nom~-eqval energy cases. If the vacke> vere to overlap with aiy cum lime 
poe 4% would uave to be those of 2qual cnergy. The following wraywe sm Le 
need to acccunt for 4his sase. Th wie been noticed In retregocet 1 eat 
—_ agxseement with experiment, the inse.sitivity of te fariation cf me clee- 
tron's parameters to tie cther's parameter: ; nd the swesulting well sew rmten. 
molecular oroitals Indicate that the eleztoon correlaticn £s very sval. ff 


a sis the cage, 1/ryo cen be considtrei us a perturbation and. a zere ~rle 


‘s 


= 2 


a gunmen’ teat tre overlap is zere can be wiven. Higher order perturhe:. am \iebry 
1 give seglisible overlay if there {s “convergence” by zero ovger. —f 
> is small then tze configaratiou mred 13 a preducl. of three YU,” Pancétone. 
~ packet is leg Lin’? 3,7): the contiowm is ls 1m”? &y,,~ 1 end theme: arc 

r orthogonal by the orthcgonality of He orbitals. “herefore by pertar 


pata n treory, weil: correlation implies Cunt a restrieted warietica (2usevi ed 


to different Ha” orbitals) allows a true adnimum principe with weich SE - 
iste the "best" energy. To verify tals it is noted tu Eos pein ; aod Ecabet’ aha 


is) 


aes. 2 « 
yriev. ion 


Mahler's vor on heliva’ very reasonable results are obtained when the | 


principie is applied to such uncorrelated. packet stater an (2p)" “Fe, | #)* ‘a, 


, 4 y ty $9, —_ 
(20-8p} "Pes (2036) *D,, and (43a) 7o,. Ou the otiner hanii Holpier fou that 
the (238)* +s state’? 4n Ay hes a lower eneszy than that o° the (56)! °- state 


ef 3°. In helium, the reverse, expected result is founa. It is felt 2. tae 
authors that the cesult on H” is in error Secnause in the 28)" -€ cass correls.- 


tion is not small and no axproximate variation principle jwlds. Clenris (2n)* 
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being lower than (1s = is wnphysical and contrary to the more extensive calcu~ 
ation of Pekeris®® where he shows only one bound state exists. The (2c)* 1s 
problem in helium is also not completely settled.29.5 This is felt to be due 
to the correlated nature of the system and the consequent failure of the 
variation method. 

Another justification of the variation principle is that since this is 
@ resonance, the energy calculated by variation is not @ discrete eigenvalue, 
but the average of a spread of energies. This average energy must be a function 
of time, since the packet must eventually spread. Now taere is no explicit 
time dependence in the varlation function, but the vartable parameters regulate 
the spread of the wave packet, and thus the parameters themselves may be con-~ 
sidered as time dependent end tending to cause the resonant wave packet to 
delocalize as time increases. 

To achieve the longest lived resonant state in the restricved region 
of Hilbert space selected, therefore, by the uncertainty principle, Ak.,, must 
be minimized. 

This can be stated as Egy = Eqy(cy), where a, are the variable parameters, 
and d@; = a;(tj. Then to minimize AE, 


Say Oo. =p a Sa. (Z.2) 

But the variation method causes 0E,,/¢o; = 0 for all ay therefore min- 
imizing AEgy and maximizing At. Thies in essence selects the best (longest 
lifetime) wave packet possible in the region of Hilbert space considered. Note 
that the variation alone will not give a long lifetime state, but will only 
five the packet of longest lifetime among the class chosen. 

The use of the varlation principle has now been physically justified. 
Thus the question becomes: is the state which has been found of long enough 


1ifetime to be cbserved? An appeal to the ultimate agreement with experiment 
could be made, with the claim that the state clearly exists long enough to 


vibrate. However, it is preferable to give a physical argument based on the 
weakness of the correlations and the resulting perturbation methed to indicate 
a long lifetime, 

To demonstrate this, consider the standard auto-ionization picture of 
bound states in the continuum.” The argument will be outlined here for helium 
because it is easier; it will be clearly extendable to the Hn” case. If 
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l/tie = Veorr. is smmll the zero order wave fimctions are products of two 
hydrogenic orbitals. The functions and levels fall into three classes with 


overlapping energies: 


(a) Es - Ht ~ = both one-electron functions bound 
2 
(bo) E=- ste + i one one-electron function bound and one continuum 
e 2 
(c) Ex a rs AB both continuum 


When n, and np are large in (a) and n, small in (b), a k can be found such 
that Eoont, * Ena.» 1.¢-, there exists a bound state in the continuum. A non- 
radiative transition from the bound to continuum state of equal energy is given 
by the probability of auto-ionization (see ref. 9, and ref. 7a). ‘Therefore the 
transition probability, w, js proportionsli to 


[geouna | = | cont)] * 8(Bpa. - Econt.) 


The lifetime of the bound state ts proportional to w7?. 

Now if the correlation is small, an assumption upon which the equation 
for w was derived, the first order correction to the bound state function due to 
correlation is given by 


(Ho = Bpa,) ¥a + (S— - Bi) Ypa, = 0 


If y, is expanded as usual on all other states of the system, and substi- 
tuted back into the perturbation equation, then multiplied by ¥.,,1, and integrated, 
the result is * 

¢ pound | mat cont. + Cra. on (Epa. - Econt.) = 0 
cont. 

Now when Fya, = Eeont, the matrix element is to first order zero and w is 
then of the form x(x), x = Eng, - Egont., and therefore approximately zero. 
Higher order perturbation theory modifies this, but if the perturbation is really 
small, in a negligible way. | 

In support of this argument it is pointed out that the types of resonant 
states that have been chserved are generally highly uncorrelated and cnes in 
which the "resonant trapped" electron sees a deep well due to the rest of the 
system. It is exactly this type of state for which successful varlation 
calculations have been carried out. 


. 


* In this expression, the continuum normalization factors have been cancelled 
from both sides. 
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II. Wave Function and Calculation Methods 


Using the physical arguments above, it was decided to use a one con- 
figuration three-electron variation function, having “Zy symmetry, such that 
loss of the outer electron would not be able to yield a *Lg state, but only 
a al state. The elliptic molecular orbitals and calculation methods of Harris 
end Taylor were used.?° 

For one configuration the variation function becomes: 


rgd “4% > -_ 3 ~ 
Yas: 6° 2 2 UCP) OC PH) G,. ce) Gey) 
q=1 f t 
where Ujq(P) is the jd element of the matrix representation of the permutation 
P on the spin eigenfunction bases. The Og are: +7 


Q,., Cr)= ee Caag - Aga - Raa ) 
@... (5) = x* (aga - gaa) 
The spatial ab is the inet 


KF) “TT B; CF) a hb, %) (12.3) 


eel 


(II .2) 


where the $4 are ” the forn, 
1yt 


D¢ Sar nev) = ay ef (6:8: 44-4; +40:¢;)] E "th La. -Y0A-y2)] i (xxX.4) 
and the J,' are, 
was + Vel | ae 
C1) db; ($,-4; ww,v) (II.5) 


E, n and g being the standard two-center elliptical coordinates. The 83, Oy 
are variable within the computer program used, but n,m,v are input parameters 
and therefore fixed throughout the problem. The configuration chosen was: 


4, (5},4,, 0,0) B,C&,A,1 00,1) O05, 4,5.4,0-0 +6 GG (11.6) 


It is convenient to denote these in terms of the vy, since none of the n,in,v 
change end all m; = 0. Thus, 


Kerr = 646, + K4G, Ee 
Since Im; = 0 and Sl|v4| = 2, there is no sign change between the products, 
and gerade symmetry is ensured. Also, <vy = 0, so the three electron product 
is a 2 state. | . 

“Note that if the outer electron is removed (placed in the continuum), 


Mery= 14.4+6 07] da) - (11.8) 


is obtained, which is a TT state (Zv #0) with ungerade symmetry since the ¢,’ 
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¢ 
introduces @ - sign betyveen the products. Thus it nas been spatially ensured 
that the 1 configuration variation function cannot vary itself to He ‘Eg +e 
by varying 6. to a very small nuaber which has the effect of ejecting the 
outer electron into the continuum. 
Looking at the spin portion, it is also noted that Cae can "lose” an 
electron to become, 


‘ 
=f, 
@., 40) = 2 LCag- par} acd (11.9) 
which is the epin eigenfunction for a two electron singlet. 
The one-~-configuration variation function is now constrained in such a 
wanner that it cannot eject the outer electron and become anything but Ho hy 


+ @,y @nd the resonant wave packet is suitably localized by these constraints. 





Tit. Celenlations and Results 


In order to obtain a potentisi curve and the 
spectrosconic constants for commarison with those reported by experinent,* it 
was planned to calculete five energy values as nuclear radii correspcncing to 
scaled roots of the fifth order Chebyschev polynomial Ts(x), where x = 
R - Ro/.34026, which gives separations of + .2000 and + .3236 au. about Ry, 
ana fit these to Chebyschev polynomials Ty through 1,.7= The spectroscopic 
constants could then be calculeted by the method of Duohen.?* 

Preliminary calculations with a trial function of the type lo(1w)* 
yielded an ecuilibrium redius of 1.9196 au., and the final full variation of the 
6 and @ parameters was cone about this R,. Upon fitting to the Chebyschev 
polynomials and minimizing E(R) with respect to R, Re vas found to be 1.049 au. 
4nstead of 1.9196, so Dunhem's method, based on a polynomial in(R - ReVRe, 
becomes excessively tedious. Therefore, the polynomial in x was converted 
to a polynomial in R and the vibration-rotation constants calculated by the 
method usetl by Fraga and Ransil in ref. 1h. 

fo note the effece of greater interatomic distances three other R values 
were used. Teble I gives the potentiel curve and parameters of the wave 
function, 

Table If is & comparison of the calculated spectroscopic constants with 
those reported in the scattering experiment. 

It is alco of interest to note in Tabie III that as R increases, the 
potential curve approaches the curve of the ‘i, state of Ha.?> This can be 
explained by inspection of the parameters of the three electrons. At R = 10.0 au. 
there is easentially a 1s hydrogen atom and a lp hydrogen atom widely separated, 
with an electron in between. In Hp ‘My at this intermuclear distance, the 
expected configuration is a pair of hydrogen atems, one in the is state and one 
in the lp state. 

This seems to indicate that Hn cannot be formed by collision of H and H, 
but only by collision of Ha with an electron. Also, the propcsed mechanism for 
formation of H and H” by dissociation of Hs” may have another step, 


Ho +e => (Ho ) —> (Hig + Hap + e) => H+ EB 


where the Hay may recapture the electron of the Hp or capture another of the 


electrons in the experimental systen. 





T¥. Conclusions 


The potential curve and electronic wave function for the resonant *z, 
state of Ha have been calculated by treating a cue-configuration trial function 
as if it were a real variation function which could be minimized to @ real 
Giscrete eigenvalue. An average energy very near to the experimentally ohb- 
served energy was obtained, however, since this is a state in the continum 
there is no rigorous minimum principle, and the calculated average energy may 
be above or below the actual energy of the system. 

There is no doubt that if the configuration determining parameters n, 
ww, and v vere also eliowed to vary, tne final result would heave been the 
ene configuration approximation to the ground state energy of the hydrogen 
molecule. 

Excellent agreement with experimental spectroscopic constants has been 
ootained, which substantiates the statement that this is a resonance with s 
lifetime long enough to be observable, and the use of physical intuition to 
pick a restricted variation function which simulates an electron scattering 
off a deep, narrow potentiel well formed by en excited state of Ho. 

The method of finding the longest-lived wave packet in the continuum 
by a restricted variation method cowoled with good physical guesses may have 
considerable application in other problems. 

it is the intuitive feeling of the authors that all resonant states will 
be able to be treated by this approximate method, because if they have a long 
encugh lifetime to be observed, they are probably weakly correlated, in the 
sense described above end therefere amenable to approximate variation treatment. 
This may not be a necessary condition, but it is certainly a sufficient one. 
Tne lack of rigor prescribes great care in any application. 
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Table 77 


Wave Function and Potential Curve 





R (au) -E (au) 5 o. R (au) 
1.596 074336 15115 -765 2,232 
oS ~.l7 
.100 60.0 
1.7196 .74848 1.175 ~810 3.000 
485 -.185 
105 0.0 
1.9195 .75064 1.270 ~890 7.000 
550 ~,210 
105 0.0 
2.1196 =. 74804 1.365 e970 10.000 
600 -.2h0 
105 0.0 
; 15.00? 


-E (au) 


of 4488 


o (1515 


-63377 


62929 


~613352 


~~ 


o 


1.420 


-635 
Bakaly 


Let 
232 
ell 


D°D2 
1.78 
oid 


9-01 
fog iM 
eil 


6.24 
Biss 
10 


Q 


1.020 
0259 
0,0 
1.34 
oo 
O20 


5-39 


~1,66 


0.0 
4.96 


-2.50 


0.0 
6.21 


~3.76 


0.0 


a. Throughout this table, the electron paremeters are listed in 
the order (‘ 0 1) so that the inner electron is first, and 


0OOoOl 
2 0-1 
the outer resonant electron is last. 


b. This point was not completely varied, but a definite continuation 
of the trend to Hig + Hip +e is exhibited. 





Table II 


Comparison of Spectroscopic Constants 


TaD 


calculated experimentel 


E ~iT5LUB au -.758 au 
Re 1.949 au 

D, 30 ev 351 ev 
Dat, oOh2 ev ~ OL ev 
Be 000359 ev 

Oe 3x 10 * ev 


De 5.36 ev 





Table LIT 


Comparison with Hz 4, Potential Curve 


R (aw) 


1.9 
2.0 
eee) 
5-0 
7.0 
10.0 


-E Hc *7,° 


~TLu22 
-71.418 
o T1006 
68445 
62478 
62448 


From ref. (12) 


~-E Ha = 


-15057 
74800 
 THhB2 
“11515 
63377 
62929 


z 





LE 


-03635 
.03302 
035475 
.03068 
.00899 
-OOL81 





Le 
2. 


9. 


10. 


il. 


ie. 
13. 
14, 
15. 
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